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Math 4620
Problem 1) (2 points): A function f defined on positive integers is said to be multiplicative if f(ab) = f(a)f(b) whenever a and b are coprime (i.e. gcd(a,b) = 1). Prove that Euler’s function φ is multiplicative.
To prove this, we make a rectangular table of numbers 1 to ab with a rows and b columns as follows
	1 a+1 		2a+1…	(b-1) a+1
	2 a+2 		2a+2… 	(b-1) a+2
	3 a+3 		2a+3… 	(b-1) a+3
	.	     	.		.
	M 2a		3a		ab 
The numbers in the rth row of the table above are of the form ka + r as k runs from 0 to a-1
Letting d=gcd (r, a). if d>1 then no number in the rth row of the table is relatively prime to ab
Since; d | (ka + r) for all k. 
Counting the residues relatively prime to ab we need only to look at the rows indexed by values of r such that gcd (r, a) = 1, and there are ϕ(m) such rows.
 If gcd(r, a) = 1 then it implies that every entry in the rth row is relatively prime to a, since gcd(ka + r, a) = 1 by the Euclidean algorithm. 
exactly ϕ(b) of them will be relatively prime to b, and thus relatively prime to ab. We have shown that there are ϕ(a) rows in the table which contain numbers relatively prime to ab, and each of those contain exactly ϕ(b) such numbers. 
Therefore, you get ϕ(a)ϕ(b) numbers in the table which are relatively prime to ab. 
Hence, you have proven the theorem.

Problem 2) (2 points): Find the number of red/blue circular sequences of length 8 that are not periodic. [You are not required (or even advised) to list them all, but you may do so if you wish.]
The number of red/blue circular sequences of length 8 that are not periodic
Using any modular arithmetic without factorization you get;
P(n)-n^3 + 3n^2+2n then assuming that n=0(mod 2)
You get p(n)=0+0+0=0 for (mod 2)
But when n= (mod 2) then;
P(n)= 1+3+2 =0(mod 2) such that
2/p (n) 
Similarly, if n=1 (mod3) then
P(n)=1+3+2 which is equivalent to 0(mod 2)
If n=2 (mod 3) then 
P(n)=8+12+4 which is equivalent to 0(mod 3)
So; 3/p(n) 
Moreover, since both 2 and 3 are divisors of p(n), then p(n) is a multiple of 6.

Problem 3) (2 points): Prove that[image: ].

Problem 4) (2 points): Recall that each permutation can be written as a product of disjoint cycles. How many permutations of {1,2,...,8} are a disjoint product of one 1-cycle, two 2-cycles and one 3-cycle?
One 3-cycles can be chosen from {1,2, 3…8}: 8c3=56 ways
One 2 cycle can be chosen from the remaining five elements from {1,2, 3…8} =10 ways
Another 2-cycle can be chosen from the rest 3 elements from {1,2, 3…8} =3ways
Therefore, the total number of permutations will be 3 x 56 x10 x 3 = 5040

Problem 5) (1 point): Show that c(n,k) ≥ S(n,k) for all n ≥ 0,k ≥ 0.
S(n,k)= (n-1)Ck-1 =C(n-1, k-1)
=C(n, 0)S(0,k-1) +C(n,1)S(1, k-1),… + C(n,n)S(n, k-1)
=n C0^-1 Ck-1 +nC1 Ck-1 + n/2 Ck-1… + nCn (n-1)Ck-2
=coeff of x ^k-1 [nCk(1+k)^k-1 + nCk+1 (1+k)^k +…+ nCn(1+n)^n-1
=n+1-1 Ck-1=nCk-1
=S(n+1, k)
Problem 6) (2 points): Let n be a positive squarefree integer with r distinct prime factors. In how many ways can you write n as a product of its divisors? (Count up to commutativity of multiplication – for example, if n = 30, don’t count 30 = 2 · 15 and 30 = 15 · 2 separately.)
If we have N=a^ x. b^ y.c^ z
The total number of factors will be (x+1). (y+1). (z+1)
Stating that the number is a square free so all the exponents are equal to 1 and are r distinct prime factors.
Therefore, the total number of factors equals;
(1+1).(1+1)…(r times)…(1+1)= 2 x2 x2…2(r times)= 2^r
Hence the total number of factors= 2^r

Problem 7) (3 points): Let A = {1,2,3,4,5,6}. How many unordered pairs of subsets of A are there with the property that the two subsets have no elements in common? (For example, {{1,2,5},{3}} is such an unordered pair of subsets of A.)
Let A = {1,2,3,4,5,6}. How many unordered pairs of subsets of A are there with the property that the two subsets have no element in common?
The equation for determining the total number of unordered pairs of disjoint subsets is given as: 
½ x (3 ^n +1)
We are having n=6 as the cardinality of our set, therefore substituting the value of n in the above equation we get;
½ x (3^6 +1) =
½ x (729 +1) =1/2 x (730)
Answer is 365 the number of unordered pairs of disjoint subsets.

Problem 8) (2 point): Prove that S(n,3) > 3n−2 for all n ≥ 6.
Using any modular arithmetic without factorization you get;
P(n)-n^3 + 3n^2+2n then assuming that n=0(mod 2)
You get p(n)=0+0+0=0 for (mod 2)
But when n= (mod 2) then;
P(n)= 1+3+2 =0(mod 2) such that
2/p (n) 
Similarly, if n=1 (mod3) then
P(n)=1+3+2 which is equivalent to 0(mod 2)
If n=2 (mod 3) then 
P(n)=8+12+4 which is equivalent to 0(mod 3)
So; 3/p(n) 
And since both 2 and 3 are divisors of p(n), then p(n) is a multiple of 6.

Problem 9) (2 points): Find the number of integer solutions to x1+x2+ x3 + x4 ≤ 17 where x1 ≥ 2, x2 ≥ 4, x3 ≥ 0 and x4 ≥ 1. (Hint: Introduce x5.)

Number of integral values of x1+x2+ x3 + x4 ≤ 17 where x1 ≥ 2, x2 ≥ 4, x3 ≥ 0 and x4 ≥ 1
[bookmark: _GoBack]All the given values of x above are non-negative.
So, this sum can be solved in the following steps; 
As a row vector by assuming x5≥13
(2,1) + (4,1) +(0,1) +(13,1) =19
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